In this paper we discuss four different proposals of entangling atomic states of particles which have never interacted. The experimental realization proposed makes use of the interaction of Rydberg atoms with a micromaser cavity prepared in either a coherent state or in a superposition of the field Fock states |0 and |1 . We consider atoms in either a three-level cascade or lambda configuration.
INTRODUCTION
One of the most intriguing aspects, as well as fundamental, in quantum mechanics is entanglement. This feature was first noticed by Einstein, Podolsky and Rosen [1] who have originally proposed the EPR experiment in order to show that quantum mechanics were not a complete theory to describe reality. At the same time Schrödinger has done a formal discussion about the description and the measurements performed on two system which have interacted and that are far apart from each other [2] . Entanglement is of central importance in Bell's theorem and is the origin of nonlocality in quantum mechanics. Usually entanglement is understood as a consequence of some interaction of the particles in their common past. Thus far, it has been achieved either by having the two particles 1 emerging from the same source [3] or by having the two particles interacting with each other [4] . However, Yurke and Stoler [5] and Zukowski et al [6] showed that one can entangle particles that do not even share any common past. The realization of the entanglement swapping was done by Pan et al [7] in a scheme involving the horizontally and vertically polarized states of photons.
In a recent paper it has been suggested an experimental realization of teleportation of atomic states via cavity quantum eletrodynamics [8] . In this work, Guerra discusses theoretically how to prepare and how to detect atomic Bell states. Based on the results presented there, in the present work we show that it is possible to build a scheme to entangle the states of two atoms which have never interacted, along a similar line of Ref. [7] . In section 2 we review the process of preparing atomic Bell states for different atomic configurations and cavity fields. In section 3 we show that, through appropriate measurements of the Bell states, we can perform the entanglement swapping and, finally, in section 4 we discuss our conclusions.
REALIZATION OF BELL STATES
In this section, we present four different schemes to prepare Bell states involving two different configurations of the atomic levels.
Cascade atomic system and cavity in a coherent state
Consider a three-level cascade atom A k with |e k , |f k and |g k being the upper, intermediate and lower atomic states (see Fig. 1 ). We assume that the transition |e k ⇀ ↽ |f k is far enough from resonance with the cavity frequency. Consequently, it can be shown, according to the Jaynes-Cummings model [9] , that this dispersive interaction can be represented by the time evolution operator U = e −iϕ(a † a+1) |e k e k | + e iϕa † a |f k f k |, (2.1)
where a (a † ) is the annihilation (creation) operator for the field in cavity C, ϕ = g 2 τ / ∆, g is the coupling constant, τ is the interaction time, ∆ = ω e − ω f − ω is the detuning, ω e and ω f are the frequencies of the upper and intermediate levels respectively and ω is the cavity field frequency.
In addition we assume that the transitions |f k ⇀ ↽ |g k and |e k ⇀ ↽ |g k are highly detuned from the cavity frequency so that there will be no coupling with the cavity field involving the state |g k . However the state |g k plays an important role in the following process, because we suppose that it is coupled to the state |f k in the Ramsey cavities which we shall use to prepare the atomic Bell states involving the states |f k and |g k .
Therefore, considering the atom-field interaction, the level |e k will never be populated during the whole process so that we can ignore it from now on, since it will not play any role in our scheme, being important only as origin of the phase factor in the time evolution operator (see Eq.(2.1)) due to the dispersive interaction. Hence, we have effectively a two-level system involving the states |f k and |g k . In terms of them we can write the time evolution operator
where the second term above was put by hand just in order to take into account the effect of level |g k . Let us take ϕ = π. We assume that we have a two-level atom A 1 initially in the state |g 1 which, after crossing a Ramsey cavity R 1 , is prepared in a coherent superposition
according to the rotation matrix
Now, let atom A 1 cross the cavity C which is prepared in coherent state | − α . A coherent state |β is obtained by applying the displacement operator D(β) = e (βa † −β * a) to the vacuum, i.e. |β = D(β)|0 [10] and, experimentally, it is obtained with a classical oscillating current in an antenna coupled to the cavity. Then, according to (2.2) the system A 1 − C evolves to
where we have used e za † a |α = |e z α [10] . Now, if atom A 1 enters a second Ramsey cavity R 2 , where the atomic states are rotated according to the rotation matrix (2.4), we obtain
Consider now a second atom A 2 prepared in the same way of atom A 1 , so that, before entering the cavity C, we have it in the state
Let us send this atom through cavity C assuming that for atom A 2 , as above for atom A 1 , the transition |f 2 ⇀ ↽ |e 2 is far from resonance with the cavity frequency. As above, taking into account the time evolution operator U, Eq. (2.2) with ϕ = π, after the atom has passed through the cavity, we get
Then, atom A 2 enters a Ramsey cavity R 3 , where the atomic states are also rotated according to the rotation matrix (2.4), which results in
leading to
Now, we inject | − α in cavity C which mathematically is represented by the operation D(β)|α = |α + β [10] and this gives us
In order to disentangle the atomic states of the cavity field state we now send a two-level atom A 3 , resonant with the cavity, with |f 3 and |e 3 being the lower and upper levels respectively, through C. If A 3 is sent in the lower state |f 3 , under the Jaynes-Cummings dynamics [9] we know that the state |f 3 |0 does not evolve, however, the state |f 3 | − 2α evolves to |e 3 |χ e + |f 3 |χ f , where
Then we have 13) which is an entangled state of atoms A 1 and A 2 , which in principle may be far apart from each other.
In the above disentanglement process we can choose a coherent field with a photon-number distribution with a sharp peak at average photon number n = |α| 2 so that, to a good approximation, |χ f ∼ = C n cos( √ ngτ )|n and |χ e ∼ = C n sin( √ ngτ )|n , where n is the integer nearest n , and we could choose, for instance √ ngτ = π/2, so that we would have |χ e ∼ = C n |n and |χ f ∼ = 0. In this case the atom A 3 would be detected in state |e 3 with almost 100% of probability. Therefore, proceeding this way, the atomic and field states will be disentangled successfully as we would like.
Notice that starting from (2.10) if we had injected |α in the cavity and detected |e 3 we would get the Bell state
Now, if we apply an extra rotation on the states of atom A 2 in (2.13) in a Ramsey cavity R 4 , according to the rotation matrix
we get 
The states (2.13), (2.14), (2.16) and (2.17) form a Bell basis [11, 12] which are a complete orthonormal basis for atoms A 1 and A 2 .
It is important to notice that the efficacy of the process described above depends on a measurement which has a probabilistic character: the measurement of atom A 3 in the state |e 3 after passing the cavity C. Although we can argue that the cavity C may be prepared in a coherent state |α with a large mean photon number n so that, to a good approximation, we have almost 100% of probability of measuring atom A 3 in the state |e 3 , we still have a small probability that it will fail. In the next section we discuss an alternative way to avoid this aspect.
Cascade atomic system and cavity in a superposition of Fock states
Now, we start assuming that we have the cavity C prepared in the state
where F S refers to Fock state. This state can be prepared by sending a two-level atom A 0 , in the lower state |f 0 , first through a Ramsey cavity R 0 , where the atomic states are rotated according to
and then through the cavity C, initially in the vacuum state |0 . The effect of R 0 is to perform the atomic state rotation
We assume that A 0 is resonant with C and that gτ = π/2. Thus, when A 0 cross the cavity, according to the Jaynes-Cummings model, |f 0 |0 does not change whereas |e 0 |0 evolves to −i|f 0 |1 . Hence, the passage of A 0 through C yields
Therefore, we have prepared the cavity C in the state (2.18).
As done in the previous section, let us consider three-level cascade atoms A k with |e k , |f k and |g k being the upper, intermediate and lower atomic state, such that the transition |f k ⇀ ↽ |e k is far enough from resonance with the cavity and the transitions |e k ⇀ ↽ |g k and |f k ⇀ ↽ |g k are highly detuned so that there will be no coupling with the cavity field. Consider that atom A 1 prepared in the state
interacts with cavity C prepared in the state (2.18). Taking into account (2.2), after atom A 1 has passed through the cavity, we get
Now, if atom A 1 enters a second Ramsey cavity R 2 where the atomic states are rotated according to the rotation matrix (2.4), we have
and, therefore,
Now, we let an atom A 2 , which is prepared in the state
interact with the cavity. Taking into account (2.2), after the atom has passed through it, we get
Then, atom A 2 enters a Ramsey cavity R 3 , where the atomic states are rotated in the same way of (2.24), so that we get
In order to disentangle the atomic states of the field state, we send an atom A 3 , with the transition |f k ⇀ ↽ |e k resonant with the cavity, through C. If A 3 is sent in the lower state |f 3 , for an interaction time such that gτ = π/2, we know that the state |f 3 |0 does not evolve, whereas the state |f 3 |1 evolves to −i|e 3 |0 . Then we get
At this point, in comparison with the previous section, we have to perform an extra rotation. We let atom A 3 enter a Ramsey cavity R 4 , where the atomic states are rotated according to (2.19) , which corresponds to the transformation
resulting in
Now, we have two possibilities of measurement concerning atom A 3 : we may detect it in state |f 3 and then we get the Bell state
or in the state |e 3 and we have
Now, if we apply an extra rotation on the states of atom A 2 in (2.32) in a Ramsey cavity R 5 , corresponding to the operator
we get
Likewise, if we apply (2.34) to (2.33), we get
Therefore, as done before, we have obtained the Bell basis [11, 12] for the system A 1 − A 2 given by Eqs (2.32), (2.33), (2.35) and (2.36).
In these two sections we have presented schemes to prepare atomic Bell states involving three-level cascade atoms with two different cavity configurations. In the former case one deals with a cavity prepared in a coherent state | − α , which is a feasible experimental task, but during the process one has to inject another coherent state inside the cavity and the final preparation of a Bell state depends also of a probabilistic detection of the state |e 3 . In the latter case one does not have to inject any field inside the cavity and the process is not probabilistic. However, one has to perform an extra rotation in the atomic states. 6 
Lambda atomic system and cavity in a coherent state
Let us now show how we can get the Bell states making use of three-level lambda atoms interacting with a cavity field. Consider a three-level lambda atom (see Fig. 2 ) interacting with the electromagnetic field inside a cavity C. The states of the atom, |a , |b and |c are so that the |a ⇀ ↽ |c and |a ⇀ ↽ |b transitions are in the far off resonance interaction limit. The time evolution operator for the atom-field interaction U(τ ) is given by [13] 
37) where a (a † ) is the annihilation (creation) operator for the field in cavity C, ϕ = 2g 2 τ / ∆, g is the coupling constant, ∆ = ω a − ω b − ω = ω a − ω c − ω is the detuning where ω a , ω b and ω c are the frequency of the upper level and of the two degenerate lower levels respectively and ω is the cavity field frequency and τ is the atom-field interaction time. For ϕ = π, we get
where
At this point, it is worth to define the non-normalized even and odd coherent states [14] |± CS = |α ± | − α , (2.40)
and CS +|− CS = 0, where CS refers to coherent state. In the following calculation we shall use the relations
which are easily obtained from Eqs. (2.39) and (2.40), using e za † a |α = |e z α . Let us prepare the cavity C in the coherent state |α and consider the atom A 1 in the state |ψ A 1 = |b 1 . The initial state of the atom-cavity system is given by
We now let atom A 1 fly through the cavity C. The state of the system evolves according to the time evolution operator Eq. (2.38) yielding
Consider another three-level lambda atom A 2 prepared initially in the state |b 2 , which is going to pass through the cavity. Now, as initial state of the system, we have
After this second atom has passed through the cavity, the system evolves to
Now, we inject a coherent state |α in the cavity, that is, we make use of D(β)|α = |α + β , and we get
Again, in order to disentangle the atomic states of the cavity field state, we follow the same that was done in the subsection (2.1), i.e., we send a two-level atom A 3 , resonant with the cavity, in its lower state |f 3 (|f 3 and |e 3 being the lower and upper levels respectively) through C. Then we get 
As mentioned in subsection (2.1), the detection of atom A 3 in state |e 3 is probabilistic. Thus, in the above disentanglement process one has to choose a coherent field with a photon-number distribution having a sharp peak at the average photon number n = |α| 2 so that, to a good approximation, we have almost 100% of probability of detecting the atom A 3 in the state |e 3 and, consequently, disentangling successfully the atomic and field states, as it is desired.
The other Bell states can be obtained following the same procedure described in the first subsection. Hence, if we start from (2.54) injecting a coherent state | − α in the cavity and detect |e 3 , we get
Now, if we apply on the state (2.48) a rotation R 1 given by
and if we apply (2.50) to the state (2.51) we get
In the case of lambda atoms, the rotation of the atomic states (2.50) is discussed in reference [15] .
Observe that, in comparison with the cascade atomic configuration, here one needs only one rotation in a Ramsey cavity to obtain a Bell state. Therefore, although the lambda atomic system is a more delicate configuration to deal with because it involves a two-photon transition (two-photon Raman transition between the two degenerate atomic levels) contrary to the cascade case, which involves a one-photon transition, this configuration has the advantage of needing only one rotation to prepare the Bell state. 8 
Lambda atomic system and cavity in a superposition of Fock states
Following the same steps of the last subsection, consider an atom A 1 , in the state |ψ A 1 = |b 1 , interacting with the cavity C now prepared in the state (2.18). Taking into account (2.38), the state of the system atom-cavity evolves to
(2.53) Consider now another three-level lambda atom A 2 prepared initially in the state |b 2 , which is going to pass through the cavity. After this second atom has passed through the cavity, the system evolves to
In order to disentangle the atomic states of the cavity field state, as before, we now send a two-level atom A 3 , resonant with the cavity, with |f 3 and |e 3 being the lower and upper levels respectively, through C. If A 3 is sent in the lower state |f 3 , for gτ = π/2, the state |f 3 |0 does not evolve, whereas |f 3 |1 evolves to −i|e 3 |0 . Then we get
Now we let atom A 3 to enter a Ramsey cavity R 1 where the atomic states are rotated according to the rotation matrix (2.19), that is, 
and, if we detect |e 3 , we have
Now, if we apply an extra rotation on the states of atom A 2 in (2.58) in a Ramsey cavity R 2 , according to the rotation matrix
ENTANGLEMENT SWAPPING AND BELL STATE DE-TECTION
Consider that we have a system, which consists of two pairs of entangled atoms, whose state is
The above state can be rewritten as 
Bell state detection -cascade atomic system and cavity in a coherent state
Let us assume we have a cavity prepared in a coherent state |α . Notice that, according to the time evolution operator (2.2), if we send atoms A 2 and A 3 through C in the state (2.32) or (2.33), we get
and, if we send atoms A 2 and A 3 through C in the state (2.35) or (2.36), we get
Therefore, considering (3.64), after atoms A 2 and A 3 pass through the cavity, we have
Now, we inject |α in the cavity C and it yields
As done in section (2.1), in order to disentangle the atomic states of the cavity field state, we send a two-level atom A 5 , resonant with the cavity, with |f 5 and |e 5 being the lower and upper levels respectively, through C. If A 5 is sent in the lower state |f 5 , after we detect A 5 in |e 5 , we get
Now, we have to distinguish |Φ
In order to do this we notice that, defining
Therefore, we can distinguish between |Φ + A 2 −A 3 and |Φ − A 2 −A 3 performing measurements of Σ x . In order to do so, we proceed as follows. We make use of 
and we can rewrite the Bell states as
Let us take, for instance, (2.32):
Applying K 2 to this state we have
Now, we compare (3.77) and (3.75). We see that the rotation by K 2 followed by the detection of |g 2 corresponds to the detection of the state |ψ 2 x , + whose eigenvalue of σ 2 x is +1. After we detect |g 2 , we get
that is, we have got
If we apply (3.73) for k = 3 to the state (3.79) we get
We see that the rotation by K 3 followed by the detection of |g 3 corresponds to the detection of the state |ψ If we had injected | − α in C, we would get
and, as above, after we send atom A 5 through C and detect |e 5 , we get
Now we have to distinguish |Ψ
In order to do this, as above, we measure the eigenvalues of the operator Σ x 
3.2 Bell state detection -cascade atomic system and cavity in a superposition of Fock states Now let us see how to distinguish the four states which form the Bell basis in this case. Let us assume that we have a cavity C prepared in the state (2.18). Observe that if we send atoms A 2 and A 3 through C in the state (2.32) or (2.33), we get
and if we send atoms A 2 and A 3 through C in the state (2.35 ) or (2.36), we get
where we have defined
Then, starting from (3.64), after atoms A 2 and A 3 cross the cavity, we have
Now, if an atom A 5 , resonant with the cavity, passes through C in the state |f 5 ( |f 5 and |e 5 being the lower and upper level, respectively), for gτ = π/2, we have
Consider now that we send atom A 5 through a Ramsey cavity R, where the states are rotated according to the rotation matrix (2.19), it yields
Therefore, after A 5 has passed through the cavity, we get
Now, if we detect |e 5 , we get 
3.3 Bell state detection -lambda atomic system and cavity in a coherent state
Now, consider that we have a cavity prepared in a coherent state |α . Notice that if we send atoms A 2 and A 3 through C in the state (2.48) or (2.49), we get
and, if we send atoms A 2 and A 3 through C in the state (2.52) or (2.51), it yields
Now we inject |α in the cavity C and we have
As done in subsection (2.1), in order to disentangle the atomic states of the cavity field state we send a two-level atom A 5 , resonant with the cavity, with |f 5 and |e 5 being the lower and upper levels respectively, through C. If A 5 is sent in the lower state |f 5 , after we detect A 5 in |e 5 , we have On the other hand, if we inject | − α in the cavity C, we have
As before, we use an auxiliary atom A 5 to disentangle the atomic states of the cavity field state. If A 5 is sent in the lower state |f 5 and detected A 5 in |e 5 , we get 
and if we send atoms A 2 and A 3 through C in the state (2.52) or (2.51), we have
Therefore, considering (3.64), after atoms A 2 and A 3 pass through the cavity, it yields
Again, as it was done in subsection 3.2, if we send an atom A 5 , resonant with the cavity, through C in the state |f 5 , for gτ = π/2, and through a Ramsey cavity, according to (3.89) and (3.90), we get
Then, if we detect A 5 in the state |f 5 , we have 
CONCLUSION
Concluding, we have presented four schemes of entanglement swapping involving atoms in a cascade configuration or in a lambda configuration interacting with a cavity prepared in a coherent state or in a superposition of |0 and |1 Fock states. The advantage of using a cascade atomic configuration instead of a lambda one is that the atomic state detections are simpler. However, the process for the lambda configuration involves much less atomic state rotation than in the cascade configuration case. The advantage of using a cavity prepared in a superposition of Fock state is that the process is not probabilistic, while in the case in which the cavity is prepared in a coherent state the process is probabilistic, although the probability of the atomic state involved can be made close to 100% for coherent state with a large mean photon number and a sharp peak distribution. On the other hand, the advantage of using a coherent state is that its preparation is relatively simple.
Finally, let us analyze the feasibility of the experimental implementation of the above schemes of entanglement swapping. Considering Rydberg atoms of principal quantum numbers 50 or 51, the radiative time is of the order of 10 −2 s and the coupling constant g is of the order of 2π × 25 kHz [16, 17, 18] and the detuning ∆ is of the order of 2π × 100 kHz. Taking into account that, for the cascade configuration, ϕ = g 2 τ /∆ and, for the lambda configuration, ϕ = 2g 2 τ /∆ , for ϕ = π we have an interaction time τ = 8 × 10 −5 s for the cascade configuration and τ = 4 × 10 −5 for the lambda configuration and we could, in principle, assume a time of the order of 10 −4 s to realize the entanglement swapping which is much shorter than the radiative time. We have to consider also the cavity decay time which in recent experiments, with niobium superconducting cavities at very low temperature and quality factors in the 10 9 − 10 10 range, have a cavity energy damping time of the order of 10 to 100 ms, and which could be larger than the required time to perform the entanglement swapping.
Figure Captions
Fig. 1 -Energy states scheme of a three-level atom where |e is the upper state with atomic frequency ω e , |f is the intermediate state with atomic frequency ω f , |g is the lower state with atomic frequency ω g and ω is the cavity field frequency and ∆ = (ω e − ω f ) − ω is the detuning. The transition | f ⇀ ↽| e is far enough of resonance with the cavity central frequency such that only virtual transitions occur between these levels (only these states interact with field in cavity C). In addition we assume that the transitions |e ⇀ ↽ |g and |f ⇀ ↽ |g are highly detuned from the cavity frequency so that there will be no coupling with the cavity field in C. 
